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1.1 Miller-Rabin test (1980)
1([13],[14]). $N$ . $N-1=2^{s}\cdot d,$ $(d, 2)=1$ .
$\mathrm{a}$ $N$ .
$(\mathrm{a},N)=1$ , $\mathrm{a}^{d}\not\equiv 1$ $(\mathrm{m}\mathrm{o}\mathrm{d} N)$ , $\mathrm{a}^{2^{r}d}\not\equiv-1$ $(\mathrm{m}\mathrm{o}\mathrm{d} N)\forall r=0,\ldots,s-1$ . (1.1)
, .
pu $N>1$ .
1: $N-1=2^{s}d$ $(d,2)=1$ $s,$ $d$ .
2: $\mathrm{a}\in[2,n-2]$ .
3: $b:=d(\mathrm{m}\mathrm{o}\mathrm{d} N)j$
4: If $b\neq 1$ or $b\neq-1$ then
5: return cmPosi $\mathrm{t}\mathrm{e}j$
$6$:end if









13: return probably prime;
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A eman-Pomerance-Rumely (1983) ,









2(Agrawal and Kayal and Saxena [11). $N$ 1 .
$q,$ $r$ , $s$ $N$ .
(1) $q|(r-1)$
$()$ $N^{H_{q}}\not\in 0$ nor 1 $(\mathrm{m}\mathrm{o}\mathrm{d} r)$
(S) $N$ $s$ .
(4) $(\begin{array}{l}q+s-\mathrm{l}s\end{array})[succeq] N^{2[\sqrt{\eta}}$
(5) $(x-\mathrm{a})^{N}\equiv x^{N}-\mathrm{a}(\mathrm{m}\mathrm{o}\mathrm{d} (N, x^{\mathrm{r}}-1))$ $\mathrm{a}=1,2,$ $\ldots,s$ 1 .
. Bernstein [3] . (1) $\frac{r-1}{q}$ , (2)
$N$ $p$
$p^{\lrcorner r_{l}}\not\in 0$ nor 1 $(\mathrm{m}\mathrm{o}\mathrm{d} r)$ (2.1)
. $jN^{J},$ $(0\leq l,J\leq[\sqrt{\mathit{1}}\mathrm{J})$ , $r$ ,
$\exists(i,J),$ $(k,l)\{$
$(\mathrm{j},J)\neq(k,l)$
$p^{l}N^{j}$ $(\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{r})$ .
$u=p^{\iota}N^{j},$ $v= \oint N^{t}$ . $u=v$ . $(i,J)\neq(k,t)$ $N$ $p$
.
, (i) (ii) $G=\langle g\rangle$ .
(1)#G>7S/[ ’
(h) $g^{u}=g^{\gamma}$ .




|u-\eta \leq N2[ .
, (i) $u=v$.
2 $G$ . $h(x)\in \mathrm{F}_{p}1x]$ $r$




. $G$ , (i) (ii) .
$\mathrm{K}$ .
(1) . $\deg h=\mathrm{o}\mathrm{r}\mathrm{d}(p\mathrm{m}\mathrm{o}\mathrm{d} r)$ , (2.1) ,
$\mathrm{o}\mathrm{r}\mathrm{d}(p\mathrm{m}\mathrm{o}\mathrm{d} r)$ $q$ . deg# $\geq q\geq 2$ . $x-\mathrm{a}\neq \mathrm{O}$ in K.
$\mathrm{a},$ $d\in[1,2,$ $\ldots,s$} $\mathrm{a}\neq d$ . $x-\mathrm{a}=x-\#$ $\mathrm{F}_{p}[x]$
, $\mu(\mathrm{a}-d)$ , $s$ (3) .
$x-\mathrm{a}\neq x-d$ . , ,
$\prod_{\mathrm{a}=1}^{s}(x-\mathrm{a})^{e},\cdot$ $( \sum_{\epsilon=1}^{s}e_{\delta}\leq q-1)$ (2.2)
$\mathrm{F}_{p}1x1$ . $\mathrm{K}$ .
, $\mathrm{m}\mathrm{o}\mathrm{d} 7\mathrm{J}()$ , degb $\geq q$ ,
$\mathrm{F}_{p}[x1$ . $x-\mathrm{a}$ , .
, (2.2) $G$ . $(\begin{array}{l}q+s-\mathrm{l}s\end{array})$ , (4)
, (I) .
(ii) .
$A=(\mathrm{Z}/N\mathrm{Z})[x]/(x^{r}-1)arrow B=\mathrm{F}_{p}[x]/(x^{\mathrm{r}}-1)arrow \mathrm{K}=\mathrm{F}_{p}[x]/(h(\triangleleft)$ .
$A,B$ , $\mathrm{K}$ . (5) $X$ $x^{N}$
$(\mathrm{x}^{M}-\mathrm{a})^{N}\equiv \mathrm{x}^{W^{1}}-a$ $(\mathrm{m}\mathrm{o}\mathrm{d} P^{\mathrm{r}}-1)$ .
$\mathrm{t}P-\mathrm{a})^{N}=\mathrm{x}^{W^{1}}-\mathrm{a}$ $A$ .
$(\mathrm{x}-a)^{\mathcal{N}}=\theta-\partial$ in $A$.
. $p^{l}$ , rnodp ,
(X-a)\tilde =X -a $B$.
, $u,$ $v$ $u\equiv v(\mathrm{m}\mathrm{o}\mathrm{d} r)$ , $A$ $x^{r}=1$ ]
$\mathrm{x}^{u}=\mathrm{x}^{\nu}$ in A. $B$
$(x-\mathrm{a})^{u}=x^{u}-\mathrm{a}=x^{\nu}-\mathrm{a}=(\mathrm{x}-\mathrm{a})$ ’.






1: $1\mathrm{f}N=m^{k}$ wiffi $k>1$ then
2: return compos $\mathrm{i}\mathrm{t}\mathrm{e}j$
$3$:end lf








9: $q:=$ ($r-1$ )
10: $\ovalbox{\tt\small REJECT} N\text{ }\not\in 1(\mathrm{m}\mathrm{o}\mathrm{d}$ ffien
11: for $s=1$ to $q-1$ do







19: for $\mathrm{a}=1$ to $s$ do






, $N$ . 4
18 (5) $r,$ $s$ . $r,s$
, .
8 $N$ $r$ , $s\leq q\leq r$ (3)
. 19 23






, , $r$ $\log N$
. , 4 18 , 19
$\mathrm{K}\mathrm{s}$– $7^{\beta}$ $s\leq q-1\leq r-1$ , $\log N$
. T . .
3(Goldfeld [7]. [2] ). $A$ $\delta>1/2$ , $X$
$\#${$p|p$ $x$ $p-1$ \nearrow } $\geq A\frac{X}{1\mathrm{o}\mathrm{g}\mathrm{x}}$ .
4. $\pi(x)$ $X$ . $B$ $.\text{ }$ . $X$
$\pi(x)\leq B\frac{X}{1\mathrm{o}\mathrm{g}\mathrm{x}}$.
4 $B$ . 3
$A$ 4 $B$
, 3 $\delta$ .
.
$s=[2[\sqrt{r}]\log_{2}N]+1$ , $q\geq 2s$ ,
$(\begin{array}{ll}q+s -\mathrm{l}s \end{array})>(\frac{q}{s})^{s}\geq 2^{s}\geq N^{2[\sqrt \mathrm{H}}$
(4) . $q\geq 4\sqrt{r}\log_{2}N$ $s$ , (4) .
.
5. 4 $\delta$ , A
$k \geq\frac{2}{2\delta-1}$ (4.1)
. $c_{1},$ $c_{2}$ ,
$\exists$ $r\in[c_{1}(\log N^{\mathrm{A}},$ $c_{2}(\log \mathrm{N}^{k}1$ : $\{$
$\varphi l)r-1\dagger \mathrm{J}q[succeq] 4\sqrt{r}\log_{2}N$ 1 $q$ $’\supset$
$\wp \mathit{2})" r\not\equiv 1r-1$ $(\mathrm{m}\mathrm{o}\mathrm{d} r)$
. $\mathrm{P}(x)$ $X$ , $\mathrm{P}’(x)$ $X$ 3
27
,$\#(\mathrm{P}’(c_{2}(\log N)^{k})\cap[c_{1}(\log N)^{k}, c_{2}(\log N)^{k}])\geq\#\mathrm{P}’(c_{2}(\log N)\mathfrak{h}-\#\mathbb{P}(c_{1}(\log N)^{\mathrm{A}})$
$\geq\#\mathrm{P}’(c_{2}(\log N)^{k})-\#\mathrm{P}(c_{1}(\log N)^{\mathrm{A}})$
( J!i 3 $\text{ }4\text{ }$ ) $\geq\frac{Ac_{2}(1\mathrm{o}\mathrm{g}N^{\mathrm{A}}}{1\mathrm{o}\mathrm{g}(c_{2}(\log N^{k})}-\frac{Bc_{1}(1\mathrm{o}\mathrm{g}N)^{k}}{1\mathrm{o}\mathrm{g}(c_{1}(\log N)^{k})}$
$A\mathrm{c}_{2}(\log N^{k}$ $Bc_{1}(\log N^{k}$
($c_{1}\geq 1$ )
$\geq\overline{\log(c_{2}(\log N^{k})}\overline{k\log(\log N)}-$
$Ac_{2}(\log N)^{k}$ $Bc_{1}(\log N)^{\mathrm{A}}$
( $N[^{\vee}$. ) $[succeq]$
$\overline{(k+1)1o\mathrm{g}\log N}^{-}\overline{k\log 1o\mathrm{g}N}$
$=( \frac{Ac_{2}}{k+1}-\frac{Bc_{1}}{k})\frac{(1\mathrm{o}\mathrm{g}N)^{k}}{1\mathrm{o}\mathrm{g}1\mathrm{o}\mathrm{g}N}$










$<\xi^{t}(\log N)^{k}$ .. $\cdot$ $\frac{k-1}{2k}>\mathrm{t}$.
, $N$ . T $c_{3} \frac{(1\mathrm{o}\mathrm{g}N)^{l}}{1\mathrm{o}\mathrm{g}1\mathrm{o}\mathrm{g}N}$ 1. $\vee\supset$
$\exists$ $\text{ },$ $\in[c_{1}(\log N)^{\mathrm{A}},$ $c_{2}(\log \mathrm{N}\eta)\{$
$\gamma\not\equiv 0$ $(\mathrm{m}\mathrm{o}\mathrm{d} \mathrm{r})$




$q\geq(c_{2}(\log N)^{\mathrm{A}})^{\delta}$ .. $\cdot$ 3
$4c^{1/2}$









$\leq(c_{2}(\log N)^{\mathrm{A}})^{t}$ $1-\delta\leq t$
$=\mathrm{x}^{\mathrm{t}}$
, $\gamma\not\equiv 0(\mathrm{m}\mathrm{o}\mathrm{d} r)$ , (P2) $\mathrm{O}\mathrm{K}$ .
$r$ $(\log N)^{k}$ , $s$ $q$ $(\log N)^{k/2+1}$
.
6. (4.1) , 3 $\delta$ , $k$ ,
. $\delta$ Fouvry [61 $\delta=0.6683$ .
,
$\delta=\frac{2}{3}\prime t=\frac{1}{3},$ $k=6$ (4.2)
.
, (4) $r,s$ .




7. $AKS$ $O((1o\mathrm{g}N)^{\xi \mathrm{r}+4})$ .
. 19 .
$(\mathrm{x}-\epsilon)^{N}\mathrm{m}\mathrm{o}\mathrm{d} (\mathrm{x}^{r}-1,N)$ $\mathrm{Z}/N\mathrm{Z}[\mathrm{x}]$ $r$
$O(\log N)$ .






$O((\log N^{2})$ $O((\log N^{1+\epsilon})$ .
$O((1o\mathrm{g}N)^{u2+1}\cdot$ . $\log N\cdot(\log N^{2})$ , $r$
$O$(($\log$ A) , $\mathrm{o}((\log N)\mathrm{I}^{l+4})$ (FFT 0 $((\log N^{\S k+3+\epsilon_{\square }}))$
.
(4.2) , $O((\log N^{19})$ ($\mathrm{F}\mathrm{F}\Gamma$
$O((\log N)^{12+\epsilon}))$ . [1] Sophie Germain
, $O((\log N^{\epsilon+\epsilon})$ .
FFT(Fast Fourier Transform) [5] .
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